Formation stability is now analyzed under a new prism using input-to-state stability. Formation ISS relates leader input to internal state of the formation and characterizes the way this input affects stability performance. Compared to other notions of stability for interconnected systems, formation ISS does not require attenuation of errors as they propagate, but instead quantifies the amplification and provides worst case bounds. The control interconnections that give rise to the formation are represented by a graph. The formation graphs considered are built from a small number of primitive graphs, the stability properties of which are used to reason about the composite. For the case of linear dynamics, a recursive expression allows the calculation of the bounds using the graph theoretic r e p resentation of the formation via the adjacency matrix.
Introduction
Control and coordination of multi-agent systems has been an active area of research in the last years, motivated by recent advances in computation and communication and a large number of application areas such as automated highway systems [l, 21, cooperative robot reconnaissance [3] and manipulation (4, 51; formation flight control [6, 71 and satellite clustering 181 . Analysis methods for these kind of control interconnections between (possibly heterogeneous) systems, is therefore an important issue [SI. Existing methods are based mainly on three different approaches to interconnection architecture. In the behavior based approach [3] each agent is thought of being able to exhibit a number of primary behaviors. Another approach focuses on maintaining a certain group configuration and forces each agent to b e have as a particle in a rigid virtual structure [lo, suggests that this notion can be used to define a performance measure in leader-follower formations. While approaches based on string and mesh stabilit,y [Z, 171 aim at suppressing error propagation, we allow errors to amplify focusing on quantifying and bounding the amplification. Since 'week interaction' conditions [Z)
are not imposed, we are able to analyze a much richer class of interconnected systems and local controllers. Formation ISS bounds can be used to derive leader motion specifications that guarantee the houndedness of formation errors and suggest ways of improving performance hy changing interconnection topology.
The paper is organized as follows: in Section 2 t,he illterconnection topology is defined using graph theoretic terminology and the notion of formation input-testate stability is defined. Section 3 presents our results on ISS propagation the systems involved are described by nonlinear dynamic equat,ions. Section 4 specializes in the linear case, where conditions for ISS and resulting gains turn out to be less conservative. In Sect,ion 5 combinatorial expressions for the ISS gains for the formation graph and its subgraphs are provided, in which the topology of the formation appears explicitly in the form of the adjacency matrix. Finally, examples illustrate the use of the notion of formation ISS in Section 6 and Section 7 summarizes the results of this work.
Formation Control Graphs
Previous work has motivated the use of graphs to r e p resent agent interaction [6, 12, 18) In this paper, t,he control-related interconnections between the agents of a formation are being modeled by means of a (directed) formation control graph. The vertices of the graph correspond to the agents in the formation and the edges represent leader-follower relationships. A finite set V = {ul,. . .,up} of vertices and a mapping that assigns to each uertez vi a control system describing the dynamics of a particular agent: x, = fi(x;,ui), where xi E R" is the state of the agent and ui E Rm is the control input. The class of formation graphs considered in this paper are directed acyclic graphs. Vertices with no incoming edges, are formation leaders, ut t L c V. .Every follower is responsible for meeting the specifications on the edges incoming to it. We assume that the formation specificat.ions {dij} are constant. In case of many incoming edges, the desired state for a follower j is 
We consider three primitive subgraphs of diameter two, which serve as building blocks: the cascade interconnection of three agents (Figure I ), the parallel interconnection of four agents (Figure 2 ) and the rnultipleleader interconnection (Figure 3) . These three primitive subgraphs, and graphs that can be decomposed into these subgraphs, are representative of a fairly broad class of formations. interconnection.
We prove the ISS property of the primitive subgraphs and we show how we can propagate the property when these primitives are connected. Exploiting the propagation properties of input-testate stability we can derive a bound for the formation error that depends on the leaders input and the initial errors. Such a relationship is important, firstly because it allows to derive specifications for the leader behavior in order for stability of the group to be preserved and secondly can serve as a measure for comparison between different interconnection structures. One can then investigate the effect of interconnection changes on formation stability.
Formation ISS for Nonlinear Agents
Consider a leader-follower interconnection, such as the one depicted in Figure 1 . Let the dynamics of the leader j and the follower i be given, respectively:
and let a feedback control law ui(zi,zj) be applied to the follower to meet the specifications dj,. Follower error dynamics, 5; = xi -d,; -xi can be written as: . -
L e m m a 3.1 Let (2) be ISS with respect to uj and (3)
be ISS with respect to 5, and u j :
for some KC functions pi, 8i and some K functions yjl yiI and y;.. Then (2)-(3) is ISS.
Proof:
Since 7<, and 7jZ are class IC, Suppose that control laws u i = u;(x,,xj), uj = uj(zj,xk) and uk = ak(xk,x,) are designed so that each follower can track its leader, and the closed loop error dynamics can take the form:
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-2 k = fk(t,j.k,f,) (9) where 5i = x k -dki -X j , ?j = xk -dkj -xj and It is easy to show that the first term in the above expession is provided by AB2AT, the second term by B2rAT, the third by BrBAT and the last by B. The same reasoning can be applied for rl. The propagation is performed through matrix products of the form A2AT in the expression for rl which can be shown to provide the number of paths of length two starting with a specified edge. Propagation for B1 is done through products of the form AAT which give the number of immediate successors of a vertex. A detailed proof will he omitted here due to lack of space and will provided in a forthcoming publication.
Due to linearity, combinations of the three primitive graphs can he superimposed, and therefore, equations (24) can he used to abstract any formation graph of diamet.er three into one of two. The ISS gains for the whole formation graph can then be computed using the recursive formulas, with k = 1,. . . Formation input-tostate stability is a new notion of stability for interconnected system that can be used in t,he performance analysis and design of formations. It yields quantitative measures of the performance of leader-follower formation structures in terms of stability. The class of formation structures considered can be described by connected, acyclic directed graphs, which can be constructed by combination and superposition of primitiie types of subgraphs. It is shown how ISS can be propagated through the formation graph and how performance measures can be calculated. Illustrative examples show how formation ISS can be used to perform stability analysis and guide control design.
